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METHODS OF FUZZY SETS THEORY FOR STATISTICAL ANALYSIS
OF MASS SERVICE SYSTEMS

Zaiats V.M., Rybytska O.M., Majewski J., Marciniak T., Zaiats M.M. Methods of fuzzy sets theory for statistical
analysis of mass service systems. Approaches to the processing of fuzzy information are proposed in the conditions of
incomplete determination of the vector of input characteristics, which are based on the theory of fuzzy sets and fuzzy measures.
Their analysis have been carried out, the limits of their use, and areas of effective application, in particular, regarding mass
service systems.
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3asub B.M., Puounska O.M., MaeBcbkuii 1., Mapuinsak T., 3asus M.M. Metoau Teopii He4iTKUX MHOKMH 1151
aHAJTi3y CHCTEM MacOBOr0 00CJIYyroByBaHHS. 3al[POIIOHOBAHO IiIXOAW 10 0OpOoOKH HEwiTKOI iHpopMalii B yMOBaX HEMIOBHOT'O
BHU3HAYCHHs BEKTOpa BXIIHUX XapaKTEPHCTHK, sKi 0a3ylOThCS HAa Teopii HEWITKMX MHOXKHH Ta HewiTkux Mip. [IpoBemeHo ix
aHasli3, BM3HAYEHO MEXI iX BUKOPHCTaHHA Ta cepu e(pEeKTHBHOIO 3aCTOCYBaHHsS, 30KpEMa, IOAO CHCTEM MacoBOTO
00CITyrOBYBaHHSI.

KurouoBi ciioBa: HediTKi MHOKMHH, HEUiTKa JIOTiKa; TEopis Mip; METOIU Teopil po3mi3HaBaHHS; CUCTEMH MAacCOBOIO
00CITyroByBaHHsI, JIOTiYHE 1 PYHKIIOHATIbHE [IPOrpaMyBaHHsL.

3asubs B.M., Puounska O.M., MaeBckuii 5., Mapuunsk T., 3asaus M.M. Metoabl Teopuu HeYeTKHX MHOKECTB
IS aHAJIN3a CHCTEM MACCOBOr0 00CTy:KHBaHMsl. [IpeayokeHbl MOAXOAbl K 00paboTKe HeYeTKOH MHPOpMALUK B YCIOBHSIX
HETIOJIHOTO OINpPEEJICHHUs. BEKTOpa BXOJHBIX XapPaKTEPHCTUK, OCHOBAHHBIC HA TEOPHUHM HEUYETKHX MHOXXECTB W HEYCTKHUX Mep.
[IpoBeneH ux aHaIK3, ONpeIeNICHbl IPAHUIbI X HCIOIb30BaHUs U chepbl 3P PEKTHBHOrO MPUMEHEHHS, B YaCTHOCTH, KaCaTeIbHO
CHCTEM MacCcOBOI'0 OOCITyKHMBaHHSI.

KiroueBblie cjioBa: HEYETKHE MHOXECTBA; HEUETKas JIOTMKA; TEOPHsl Mep; METOAbl TEOPUH PACIIO3HABAHHS; CHCTEMbI
MacCOBOT0 00CTY)KHUBAHHS, JIOTHIECKOE U (DYHKIIMOHATIBHOE IPOrpaMMUPOBaHHE.

I. Introduction. The significance of theoretical results, as a rule, is based on their practical value in
applied applications that directly or indirectly confirm the feasibility of their application and do not
violate the logic of reasoning. Newly introduced terms or analytical or descriptive formulas that are not
operational and do not have practical value over time are excluded from scientific consideration.

The purpose of the work is to show the universality of the approach to statistical analysis of the value
of information fuzzy on the basis of the theory of images and fuzzy logic, to compare it with existing
methods and approaches to assessing the value of information, to indicate the limits of practical
applications, to determine the advantages and disadvantages, the directions of further research.

Il. The approach based on the fuzzy sets and measures theory. The aforementioned
disadvantages are eliminated in the approach based on the application of methods of recognition theory
and operates with the notion of information, the quantity and value of information that are different from
the classical definitions obtained on the basis of probability theory.

The problems of mathematical and computer modeling today lie, in particular, in the impossibility of
applying precise logic rules and models of tasks with clearly defined input parameters in cases where, for
some reason, there are contradictions, uncertainties or uncertainties of information about the object being
studied, system or phenomenon [1].
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Uncertainty is known to arise due to a lack of knowledge relating to a specific event [10]. She is
present to the experiment. The mathematical model of uncertainty is based on the theory of probabilities,
the theory of possibilities, confidence measures, theory calculate of predictions and functions, and a
number of others.

The phenomenon of fuzziness arises in the process of combining into one whole objects that have a
common property ¢ :

X = {x |x owns @}

where X all the elements of a certain universal set run.

Given that there are always elements X in the reality that it is unclear whether they possess the
specified property or not, X it is not a plural in the classical sense. Any attempt to interpret the general
description leads to fuzzy concepts, since the exact description contains an excess of details. Increasing
the accuracy of the description leads to an increase in the amount of information, the content of which
decreases until the time when the accuracy and meaningfulness do not become mutually exclusive. For
the first time, LA stressed the need for uncertainty for the transmission of content Zade [5]. It was the
ideas of this American scientist who pushed for the development of "fuzzy mathematics” [6], which,
along with the apparatus of fuzzy sets, contains other methods of work with uncertainty.

The application of the theory of fuzzy sets and measures is a step towards the convergence of the
precision of classical mathematics with a false inaccuracy of the environment, an attempt to overcome the
linguistic barrier between a person whose judgment and evaluation are approximate and fuzzy, and
technical means which can only carry out precise instructions [7].

A device that allows you to work with fuzzy logic, "blurred" parameters of models, is a Fuzzy-
technology device. The Fuzzy-Technology division has fuzzy expert systems.

Linguistic (descriptive) variables extend the ability to represent knowledge. They are determined by
fuzzy sets whose values are established by membership functions. Membership functions can be obtained
through subjective expert assessments [8], or by analyzing fuzzy clusters. According to [8], fuzzy expert
systems can be implemented when the cost of acquiring accurate information, that is, information in
absolute terms, exceeds the maximum revenue from the restructuring of a model or is virtually
impossible.

It is known that the initial stage of constructing artificial intelligence on the basis of the use of
natural language is based on ambiguous logic and the mechanism of output with rigid rules.

The modern or second generation of expert systems possesses at least two peculiarities: fuzzy
presentation of knowledge and fuzzy deductions. One of the most common problems of logical derivation
in the conditions of fuzziness can be formulated as follows:

Given (fuzzy) logical rule” If A thenB™ .
Observed A" (A to some extent). What should be B?

After receiving the fuzzy set of conclusions, find a specific numerical match (conduct dephasing).
Consider the object with one output and n inputs of the form

y = T04 %, %), (1)

where the set of values X,..., X, —of input variables; y — output variable.

To construct a mathematical model on the basis of establishing the relationship between input and
output variables in accordance with experimental data, by conducting a phasing operation, guantitative
and qualitative variables are translated into linguistic terms

U, =[u. JJ, i=1n, 2)

Y=[y.v] (3)
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where ui,u_i - the smallest and the highest possible value of the variable X;; y.,y - the smallest and the

highest possible value of the output variable Y.

To solve the problem (8), it is necessary to apply a method of making a decision by which the fixed
vector of input variables X = (XI Xyevns X:) x; €U, would unambiguously be placed in accordance with
the solution y*eY. For the formal establishment of this dependence we shall consider the input
X, 1 :1,_n and output y parameters as linguistic variables given on universal sets (9), (10). To evaluate
linguistic variables X;, i =1,n and y , we will use qualitative terms from the following term sets:

A= {ail,aiz,...,aip‘}—term-set of input variable x, i=1n; D={d,,d,,..d }— term set of

output variable y.. To construct term sets it is possible to apply, for example, the method proposed in [7].
For each term of each linguistic variable, based on expert knowledge, the memberships functions

,uaip (x) and ydj (y) (trapezoidal, triangular, rectangular, sinusoidal, parabolic, etc.) [7] are constructed
based on expert knowledge, where ua‘p (x) - the degree of belonging of the element x €U, to the term
aPeA, i=1n; p=1p; u"(y)- the degree of belonging of the element yeY to the term

d ; €D, j=1m.

The definition of linguistic estimates of variables and the membership functions necessary for their
formalization is the first stage in the construction of a fuzzy model of the object being studied. In the
literature on fuzzy logic, he received the name of the fuzzification of variables [10].

The next step is to create a fuzzy knowledge base.

Let the object (1) know the rules that connect its inputs and output using vectors such as:

V, =(X1,X2,...,Xn,y), k=1,_N, else N =Ky +...4+Kj+..4Kp, 4)

where K ; — the number of experimental data corresponding to the same value d ; of the term-set of the
output variable y; m-— the total number of terms of the output variable, and in the general case
k #..#K,.

We will assume that the number N < p, p,...p,, of available experimental data is less than the total

overview of various combinations of possible terms of input variables p;, i :l_n Then the knowledge

base is a table formed according to the following rules:
1. The table's size is equal N x(n+2),where n+2— number of columns and N — the number of

rows;
2. Each line of the matrix is a combination of input variables assigned by the expert to one of the

possible values of the term-set of the output variable Y. In this case, the first k; lines correspond to the
value of the output variable y = dl, the following Kk, lines - to the value y =d,, etc., and the last K,
lines — to the value y =d_;

3. The first n columns of the matrix correspond to the input variables X;, i :1,_n; the (n+1)-th -
the weight ij, j =1,_m, p =1_kJ of the rule and (n + 2) -th - the value to the output term-set dj of
the variable y, j= 1,m, corresponding to the combination of values in the first (n+1) - th columns.

4. The element ai“’, located at the intersection of the i-th column and the jp -line corresponds to
the linguistic evaluation of the parameter X; in the row of knowledge matrix with the number jp . In this
case, the linguistic assessment aijp is chosen with the term-set corresponding to the variable X, i.e.
afeA, i=1n; j=1Lm; p=L1k,.
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When an expert creates linguistic rules such as "IF - THEN" that form the basis of fuzzy knowledge
about a particular object, the expert's confidence in each rule may be different. If one rule in the opinion
of an expert can serve as an undeniable truth, then according to another rule in the same expert there may
be some doubts.

In order to reflect these different degrees of confidence in the base of fuzzy knowledge, the
weighting of the rules is introduced - these are numbers from the interval [0, 1] that characterize the
expert's confidence in each particular rule chosen by him to make a decision. The general view of the
knowledge base is given in Table. 1.

Table 1. General view of the fuzzy knowledge base

Incoming Input variables Weight | Output
combination number variables
W
X X | X | X y
11 11 11 11 11
a1 a2 ai an Wll
12 12 12 12 12
8, E2h a, Wi, d
1
1k, ak as  pl al W,
H jl jl jl j1
h a, alt |a/ al W,
: j2 j2 j2 j2
J> all 3'2J aiJ ar: WJZ d
j
ikj jk jk; jk
JkJ a a' a, Wik,
ml a.;nl aiml ar:nl Wml
2 2 m2 m2
m2 alm a;ﬂ ai an WmZ d
m
K Km K K
mkm aim a;“ aim ar:n Wik,

After building the knowledge base, you need to carefully check in Table 1 the presence of the
opposite in the content of the lines, that is, rules that the same input variables have different output values.
The introduced matrix of knowledge defines a system of logical utterances such as "IF - THEN, ELSE",

which associate the values X,,...,X, of input variables with one of the possible output values
d;, j=1m:

IF (x, =a") AND (x, =ai') AND ... AND (x, = a*) (with weight w,,),

OR (x, =a"?) AND (x, =a¥) AND ... AND (x, = a'?) (with weight w,,),
OR ...
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OR (x, =a™ ) AND (x, =a2 ) AND ... AND (x, = a¥ ) (with weight w, ),
THEN y=d,, OTHERWISE
IF (x, =a?') AND (x, =aZ*) AND ... AND (x, = aZ*) (with weight w,,),
OR...
OR (x, =a*:) AND (x, =aZ¢) AND ... AND (x, = a2 ) (with weight w,, ),
THEN y=d,, OTHERWISE ...
IF (x, =a™) AND (x, =a™) AND ... AND (x, =a™) (with weight w,,),
OR ...
OR (x, =a™)AND (x, =a* ) AND ... AND (x, = a™ ) (with weight W, ),
THEN y=d,.

A similar system of logical expressions is called a fuzzy knowledge base. Using the operations (OR)
and (AND) described system of logical statements can be rewritten in a more compact form:

kil n

U{ﬂ(xi =ai”’)}+ y=d; j=1m. 5)

p=1l i=1

Thus, the input relation (1), which establishes the connection between the input parameters
X;, 1=1n and the output variable, is formalized in the form of a system of fuzzy logical statements (5)

based on the created matrix of knowledge. The rules of the described fuzzy system, in which the degree
of truth is different from zero, is considered to be active.

In [7], a method is proposed to use fuzzy logic equations that are based on a knowledge matrix or
isomorphic system of logical expressions (5) and allow us to calculate the values of the membership
functions of the output variable for the fixed values of the inputs of the object.

Linguistic estimates aijp of the variables X,,...X,, contained in the logical statements (5) will be
considered as fuzzy sets defined on universal sets (3). We introduce the following notation:

,ua‘jp(x.)— the membership function of the parameter X to the fuzzy term

N 1_m p= 1, yZ (x1 Xy e )— membership function of the vector of the input

variables X = (X1 X2,...Xn) of the term of the output variable y = dj, j =1,m.

Thus, we have two types of functions, the relationship between which is determined by the base of
fuzzy knowledge (5), on the basis of which you can output a system of logical equations, which can be
submitted in a compact form:

K n ip .
/udj (X, Xy X, ) = p\fl[wjp[i,_\l#ai (xi)D, j=1m. (6)

where v — is the logical “OR”; A — logical “AND”.
The decision d” e D{d,,d,,...,d_}, that corresponds to a fixed vector of the values of input

variables X = (XI X X*) will be carried out in accordance with the following algorithm constructed

1

using the apparatus of the fuzzy (blurry) logic [9]:
1. The possible range of change of controlled parameters is determined, a knowledge base is created
with the use of expert data and a system of fuzzy logic equations is derived (6).

2. The vector of the values of the input variables X = (XI Xy e :) is fixed.
3. Specifies the function of fuzzy term membership for different controlled parameters.
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4. Using logical equations (6), the values of many parametric membership functions
21 (X,%,....,X) of vector X for all values d;, j=1,m of the output variable y. are calculated. In

this case, the logical operations v (OR) and A (AND) over the membership functions are replaced by
the operations max and min:

u(@) v pu(b) = mexq u(a), (b)], ()
p(@) v p(b) =mex p(a), p(b)], (8)

That is, first find the minimum values of belonging functions in each rule, and then among them they
choose the highest value of the membership function among all rules for each value d;, j =1,m, which
corresponds to the original variable y . Thus, the conclusion is made that the origin variable y belongs to
aterm d;, whose membership function is maximal.

The proposed algorithm uses the idea of identifying the linguistic term by the maximum of
membership function and generalizes this approach to the entire knowledge matrix. The computational
part of this algorithm is easily realized by simply applying operations max and min.

To obtain a clear number from an interval [X, ¥] that corresponds to a fuzzy value of the output variable, it is
necessary to apply a dephasing operation. You can define this clear number, for example, by the gravity method

Max
y ftin yHO)dy
T = T Max ., ..
fin BGay ©
where Min and Max is the left and right points of the interval of the fuzzy set of the source variable Y .

Il. Results of statistical analysis on an example of a system of mass service. The task of
forecasting the value of unrealized goods of a certain type at the end of the trade season of a trading firm
dealing with chemical protection products of plants is considered in the paper. Obviously, minimizing the
balance from unrealized goods will increase the efficiency (productivity) of the trading firm.

The experts found that the weighting factors that affect the current balance Y are: X, (“balance") -
the balance of the previous trading season (in US dollars); X,- "New purchases”) - the cost of new
purchases (in US dollars); X, ("Margin"”) - the average value of trade margins (in percentages); X, (“the
duration ") - the duration of the sale of this drug (in years). The universal sets for the described variables
are defined as follows: U, =[0;600000]; U, =[20000;1500000]; U, =[0;50]; U, =[0;10]. The
universal set for the predicted value coincides, obviously, with U, .

For each input and for output variables, term-sets are constructed:

A ={"small" "medium" "large" “critical" } = {S,M, L,C};

{"small" "medium" "large” } ={S, M, L};

{"small" "medium" "large” } = {S, M, C};
{"short™"medium", "long lasting"} = {S,M, L} ;

D = {"small" "medium" “large” “critical" } ={S, M, L,C}

Based on the information provided by the expert, the following membership functions are
constructed for the terms of input and output variables

A
A
A,
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Figure 1. Membership function of linguistic
variable "balance”

3 10 15 20 30 490 50
Figure 3. Membership function of linguistic
variable “margin”

The next step is to build a fuzzy knowledge base:

M C B

80 000
100 000
50000 +
500 000
700 000 —
800000 T
1200000 -
1500 000

Figure 2. Membership function of linguistic
variable "new purchases"

Figure 4. Membership function of
linguistic variable “the duration”

Table 2. The basis of the fuzzy knowledge of the problem

Incoming Input variables Weight Output
combination variable
number »
logical 4
sulg) % X W y
11 M N M K 1
12 B N M C 0,9
13 B N M I 1
14 K N M C 1
15 M N B I 0,7 d,
16 M C B C 0,7
17 C N C C 0,8
18 C N C I 0,8
19 C C C C 0,7
20 B N C I 0,9
21 B N B I 0,5
23 C N B I 1
24 M C C C 1
25 M E B C 0,8 d,
26 C C M C 0,8
27 C E M B 0,7
28 C E C C 0,7
29 B C C C 0,7
30 B € C I 0,5
31 B (¢ B I 0,3
32 K q B il 08 d,
33 M E C C 0,9
34 M E C K 1
35 C E M K 1
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36 C B d I 08

37 M E B C 0,8

38 M E B I 0,9

39 C E B C 0,9 d,
40 C E B I 1

41 B E B I 1

The following calculations were made for the trading company data for the 2011 sales season
x, =80000; x,” =36000; x,” =22; x,” =9. In this case, the variable X, refers to the terms "medium"

(with the degree of affiliation u(Xx)=1-

(x—60000)) or "high" (with the degree of affiliation
30000

(0= \
= X -
a 30000 100000 ~

to the terms "average" (with degree of affiliation) or "high" (with degree of affiliation); x; - to the term

(x—70000)); X,- the term "small" (with the degree of belonging z(x)=1-

"long-term" (with the degree of belonging u(x) =%(x—6)). By simple comparison it is easy to see that

the active rules will be rules 18, 20, 21 (lead to the output d, ) and 23 (leads to the output d,).

The quantitative value of the output value (the result of defuzzification) was calculated by the
method of the center of gravity (16). Finally, the value of the forecast value of the balance of the

commodity mass y* :WD 260415 is equal to that which is sufficiently close to the real balance

13588,5
of the goods 23200 by the end of the 2016 season, namely US dollars.

It should be noted that the predicted values can be more closely approximated to the actual observed
(taking into account data for several previous years) by reviewing the established weight coefficients,
adjusting membership functions, etc. You can also increase the number of input quantities. However, with
their too large numbers, the construction of a fuzzy knowledge base about the unknown dependence
becomes a difficult task. This is due to the fact that in the memory of the average statistician at the same
time can hold no more than 7+2 the notions-signs. In such cases, it is expedient to carry out the
classification of input variables and, in accordance with it, construct a derivation tree that defines the
system of embedded statements in each other [1, 7].

One can propose a different approach to processing large volumes of fuzzy data under conditions of
incomplete certainty of the vector of input variables (primary characteristics). The essence of the
approach is based on conducting a simulation of the behavior of the investigated system and an expert
assessment of the addition of the existing knowledge base to the new informative data and the
establishment of the vector of input characteristics. Obviously, such an approach is iterative and it is
necessary to take care of the convergence of the calculation process to achieve the goal with minimal cost
and limited error.

When dealing with non-physical data in artificial intelligence problems, the construction of
recognition systems, expert systems, medical and parametric diagnostics, the creation of logical-linguistic
models, the most successfully adapted declarative programming languages, which in the language of
logical statements and functional-logical dependencies provide the opportunity to describe the problem
with fuzzy formulated data and obtaining solutions in the form of logical sequences, new functional
dependences or probabilistic characteristics with definite mathematical By hope and dispersion of the
input sign. Ultimately, the initial vector of primary attributes should be refined, which will ensure reliable
processing of fuzzy data.

Therefore, the processing of incomplete or unclear information is, on the one hand, the application of
the theory of blurry logic (in particular, the theory of fuzzy sets and measures) and the construction of
logic trees or, on the other hand, the formation of logical rules from the functional-logical dependencies
with indeterminate variables, which can take both deterministic and probabilistic values [11-19]. In the
process of processing a priori information and selecting appropriate criteria of likelihood, you can
replenish the insufficient data, providing the formation of new knowledge.

Obviously, for implementing the described approach to calculating the value of information, it is
advisable to use declarative programming languages (Lisp, Prolog or their modifications depending on a
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specific objective problem) [1], which are most successfully adapted for the functions of the form (5 ),
(6). These languages can be both analytical and descriptive (functional, logic rules, fuzzy sets), which
allows solving problems associated with qualitative recognition and analysis of objects of complex
structure (handwriting recognition, handwriting, psychophysiological state of a person , construction and
analysis of storage, processing, information security, automated theorizing, environmental monitoring and
decision-making) and implementation of the target functions relevant to a specific applied or scientific
task.

IV. Conclusions. Approaches to the processing of fuzzy information under conditions of incomplete
definition of the vector of input characteristics based on the theory of fuzzy sets and fuzzy measures,
construction of membership functions and application of declarative programming languages are
proposed.

The further development of the proposed approaches can be achieved by conducting specific
statistical studies related to the need to assess the quantity and value of information based on a figurative
approach.

The proposed approach is advisable to use in applied problems, where the mathematical description
is difficult or completely impossible. This approach will contribute to the development, in fact, of the
methods of recognition theory and identification, and the theory of information and coding.
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