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Dymova H. Development of Approximate Calculation Methods for Multiserver Priority Systems. The article
addresses the pressing issue of enhancing the efficiency and reliability of multiserver queuing systems (QS) with absolute priorities.
Such QS are critically important components in the management of complex real-time technical complexes, where requirements
for performance and task resolution speed are extremely high. It is established that traditional exact analytical methods, which are
effective for single-server systems, become impractical for the multiserver case due to the exponential growth of the state space,
especially when it is necessary to account for queue lengths and the diversity of requests. To overcome these limitations, a combined
approach is proposed, based on integrating approximate analytical calculations with the results of large-scale simulation modeling.
Simulation experiments performed a threefold function: providing initial data, generating and verifying hypotheses, and conducting
the final comprehensive system check. As a result of the research, engineering techniques were developed and substantiated for
estimating three key system characteristics. Firstly, the average waiting time was approximated using the two-moment
complementary Weibull distribution function. Secondly, a generalized formula for the continuous busy period m(n) was derived,
incorporating a novel correction factor A. This factor accounts simultaneously for the impact of channel utilization p, the service
coefficient of variation v, and the number of channels n. Thirdly, an approximate formula for calculating the expected number of
interruptions I?] for a request of a specific priority was developed. The validity of the developed formulas was systematically
verified by comparing calculated and simulated data obtained from 200 000 observations. The high consistency of the results
confirms that the proposed methodology is a reliable, simple, and practically oriented tool for the effective design and optimization
of multiserver priority QS, particularly in scenarios where rigorous mathematical analysis is infeasible.

Keywords: multiserver systems, priority service, absolute priority, simulation modeling, busy period, waiting time,
approximate calculation methods.

Jumosa I'. O. Po3po6ka HalIMKeHMX METOAMK PO3PAXYHKY 0araToOKaHAJIbHHUX MPiOPHTETHUX CHCTeM. Y CTaTTi
PO3TIIIAETHCS aKTyaJdbHAa MpoOiIeMa MiABUINEHHS eQeKTHBHOCTI Ta HamiHHOCTI (YHKIIOHYyBaHHS OaraTOKAaHAIBHUX CHCTEM
MacoBoro obciyrosyBaHas (CMO) 3 abcomoTHuMEu mpiopureTamMu. Taki CMO € KpUTHYHO BaXTMBHMH KOMIIOHEHTAMHU B
YIPaBIiHHI CKJIaJHUMH TeXHITHIMH KOMIUIEKCAMH PEANTbHOTO Yacy, 16 BAMOTHY 10 IPOAYKTUBHOCTI Ta OIIEPAaTUBHOCT] BUPIIICHHS
3aBJIaHb € BKpail BUCOKUMU. BCTaHOBJIEHO, 10 TpauiiiiHI TOYHI aHANITHYHI METOMIH, SKi €(DEKTHUBHI JJIs1 OTHOKAHATIBHAX CHCTEM,
CTAIOTh HENPHUAATHUMHU AN 0araTOKaHAIGHOTO BHIAIKY Yepe3 eKCIOHEHI[IHHE PO3POCTaHHS MPOCTOpPY CTAHIB, OCOOJIMBO MpH
HEOOXiHOCTI BpaxXyBaHHS 4Yepr Ta Pi3HOMAHITHOCTI 3asBOK. JIJis mMomoNaHHS HUX OOMEKEHb 3alpOIIOHOBAHO KOMOIHOBaHHIA
miaxig, mo O0a3yeTsest Ha iHTerparii HAOMIDKEHUX aHATITUYHHX PO3PAaxyHKIB 3 pe3yibTaTaMH MacImTaGHOTo iMiTamiiHOTo
MOZICTIOBAaHHS. IMiTamiliHi E€KCHepHMEHTH BHKOHYBAIM TPOSKY (YHKIIIO: HaJaHHS INEPBHHHUX MAAaHHUX, (OPMYBaHHSI Ta
BepudiKaris rimores, a TakoXx (hpiHAIPHA KOMIIEKCHA IepeBipka. B pe3yibrati focmimkeHHs 6yo po3pobieHo Ta 00rpyHTOBaHO
IIKEHEPHI METOANKH AT OIIHKY TPHOX KIIOYOBHX XapaKTepUCTHK cucTeMmH. Ilo-miepime, cepems TpUBAIICTh OUiKyBaHHS Oyia
ampOKCHMOBaHAa 3a JIBOMa MOMEHTaMH 3a JOIOMOTOI0 JoMaTkoBoi (yHKmii posmoximy BeiiOymma. Ilo-mpyre, BuBemeHO
y3arajabHeHy (GopMylly Ui Tepiony GesmepepBHOI 3aitHATOCTI (M), MO BKIIOYAE MOMPABOYHMI KoedimieHT A, sKuii Brepiie
BPaxOBY€ OJHOYACHWH BIUIMB 3aBAHTAXEHHS KaHAIYy p, KoedirieHTa Bapiamii oOCIyroByBaHHS ¥V Ta KiNbKOCTI kaHamiB n. Ilo-
TpeTe, po3pobieHa HaOmmwkeHa (opMyda UL PO3paxyHKY OYIKyBAaHOI KiJIBKOCTI IIepepHBaHb I?] IUI1 3aABKU 3 IIEBHUM
npioputeToM. J[OCTOBIpHICTE po3po0IeHNX (GOPMyNI CHCTEMAaTHYHO BepU(IKOBAHO MUIIXOM MOPIBHSIHHS PO3PaXyHKOBHX Ta
iMiTamifHuX gaHux, oTpuManux 3a 200 000 coctepeskeHs. Brcoka y3romkeHicTs pe3yIbTaTiB MiATBEPIKYE, IO 3aIPOIIOHOBAHA
METOJWKA € HaIIMHUM, IIPOCTUM 1 NMPAKTHIHO OPIEHTOBAHUM IHCTPYMEHTOM ISl €(peKTHBHOTO NPOEKTYBAHHS Ta ONTHMIi3amii
GararokaHansHHUX npioputeTHHX CMO, 30Kpema Tam, Ae TOUYHNI MaTeMaTHIHIH aHAJI3 € HEMOXKIIMBHM.

KnrodoBi ciioBa: OararokaHambHI CHCTEMH, IPIOPHTETHE OOCIYyrOBYBaHHS, a0OCOJIOTHHI MpIOPHUTET, iMiTamiiiHe
MOJIETIOBAHHS, TIepiox Oe3mepepBHOI 3aifHATOCTI, Yac O4iKyBaHHS, HAOIIDKEHI METOIU PO3PaXyHKY.

Formulation of the problem. Tasks of managing complex technical complexes in real time usually
require the use of multi-machine or multiprocessor systems, both for performance reasons and taking into
account reliability requirements and maintenance organization. Differences in the importance of tasks, their
complexity, and requirements for the speed of solution lead to the necessity of introducing priority service
disciplines.

Research analysis. Methods for analyzing single-server systems with priorities are developed quite
well [1, 2, 3], although their numerical implementation poses a number of difficult problems. However, the
complexity of these tasks increases sharply when moving to multiserver systems. Such tasks are usually
solved only in the simplest (exponential) version with means identical for all types of requests — a case that
is atypical and of little interest [4, 5]. All attempts to create really applicable techniques that take into
account the number of requests of each type residing in channels and in queues [6] are knowingly doomed
to failure due to the excessive growth of the state space. Simulation systems do not always help either:
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GPSS World does not allow modeling multiserver devices with priority interruptions, moreover, even
single-server ones with multiple interruptions.

In such cases, combinations of analytical approaches with simulation models can be effective,
where the latter are used in three ways:

— to obtain primary input data;

— to generate and verify hypotheses (assumptions) embedded in analytical fragments of the
algorithm;

— for final comprehensive verification.

Highlighting previously unresolved parts of the problem. The task of analyzing a multiserver
priority system boils down to calculating the average unavailability time of the system for servicing a
"tagged" request of type j. In the case of priority with interruptions, the average duration of an interruption
multiplied by the number of interruptions is added to it. Solutions to these problems for a single-server
system are elementary, but for multiserver systems, they are absent. To qualitatively understand the arising
effects, it was necessary to resort to simulation modeling.

Purpose of the study. The purpose of this work is the development and substantiation of
approximate engineering techniques for calculating key characteristics (waiting time, busy period duration,
number of interruptions) of multiserver systems with absolute priorities by combining analytical approaches
and simulation modeling.

Presentation of the main material. When modeling a system with absolute priority, the duration
of request service was determined at the moment it was placed in the queue: upon entering the system using
a properly configured random number generator, and after an interruption — with the remainder of the
previously generated duration. Interrupted requests were placed at the head of the corresponding queue.

One of the new problems turned out to be determining the necessity of an interruption and choosing
the channel to be interrupted. It proved expedient to have a list of occupied channels ordered by descending
priorities of the requests being served (with equal priorities — by increasing arrival times in the system); in
this case, it was sufficient to compare the priority of the newly arrived request with the one being served in
the last channel. Naturally, this required reordering the list upon interruption and upon selecting a request
from the queue after service completion.

The study of the final results of simulation modeling of multiserver systems could lead, at best, to
empirical approximations with a scope limited to the investigated range of parameters. Therefore, the
simulation model was supplemented with the collection of statistics on the sought-after "internal"
indicators.

For calculating the average unavailability time, an analytical approach was found. The distribution
of the waiting time for the start of service of a tagged request in a single-server system was approximated
by two moments. For approximation, the complementary Weibull distribution function was used:

_ —tK
F(t) = , 1
(©) = exp ( - ) M)
with which the theoretical moments are connected:
m m
fm=TkI‘(1+z),m=1,2..., )

where T is the simulation time, I'(x) is the gamma function, m is the average number of requests in the
system, and k is the arrival of the k-th request.

In the n-server case, the differential distribution function of the waiting time is the n-th power of
the above and reduces to the same distribution with the parameter T divided by n. Accordingly, the average
waiting time w is calculated according to:

| =

w(n) = (%)k r (1 + %) 3)

so that
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w(n) (1
w(1) (n)
Modeling confirmed the good accuracy of this method. Now let us consider methods for solving
problems with request types ordered by descending priorities.
Modeling of continuous busy periods (CBP) of a multiserver system with homogeneous requests

while maintaining a constant specific load per channel showed (Table 1) that with Markovian (M), i.e.,
exponential service distribution, the average duration of CBP is:

1/k

by

m) = T = by

(4)

where b; is the average processing duration of the main request of the busy period, n is the lowest priority
of the current service, A is the flow density.

In other cases, this dependence could be considered only as a rough approximation. In this regard,
it was decided to seek a general formula in the form:

n(n) = by /(1 + Alp, v, m)n(1 — p) 5)

where p is the channel utilization factor and v is the coefficient of variation of service.
The necessary correction A was calculated through the average value of the continuous busy period
m(n) observed in the experiment using the formula:

A=n-1Drn)b, —1 (6)

The aforementioned zero value of the correction for the exponential service distribution determined
its multiplicative structure and the necessity of turning into zero at v = 1. In addition, in a wide range of
coefficients of variation (from zero to two), the dependence on v under other equal conditions turned out
to be close to linear. Furthermore, the modulus of the correction was approximately proportional to the
utilization factor p. Finally, the correction increased non-linearly with the number of channels n, showing
a tendency towards saturation, and by definition equaled zero at n = 1 (the latter requirement is another
argument for the multiplicative form of the correction). As a result, the correction A should be accepted in
the form:

A=plw—-1(n-1)/(4n) (7)

The calculation using formulas (5) and (7) is implemented in the following Python function:

def calculate pnz(bl: float, rho: float, v: float, n: int) -> float:
Po3paxoBy€e CepelHI TpMBaJiicTh nepionmy OesnepepBHOIl 3amHaTocTi (I[IH3)
IJIg N-KaHaJbHOI cucTemu 3a dopmysamm (5) Ta (7) 31 crarri.

ApryMeHTN :

bl (float): Cepemusa TpuBaJicTb O0OPOOKM T'OJIOBHOI 3asaBKM Iepiomy 3aMHATOCTI.
rho (float): KoediuieHT 3aBaHTaAXEHHS OMNHOTO KaHaJy (pP) .

v (float): Koediuienr Bapiauii uacy obciayroByBaHHs (V).

n (int): KimbkicTb kaHAJiB.

[IoBepTac:

float: Cepennsa TpmeasnicTs IIH3 (m(n)).
if n < 1:
raise ValueError ("KinmbkicTe kaHajiB (n) mae ByTtm >= 1")
if rho >= 1.0:
print (f"llonepemxeHHS : KoebiuienT =3araHTaxeHHa rho ({rho}l) >= 1. Cucrema
HecTabimpHa.")
return float ('inf')
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if n == 1:
# Ina onmHOKaHAJNLHOIL cucTeMu nonpaBka Delta = 0 (3rimHo 3 (7))
delta = 0.0

else:

# dopmyra (7): PospaxyHok mnomnpaBku Delta
delta = rho * (v - 1) * (n - 1) / (4 * n)

) : PospaxyHok IIH3
bl * (1 + delta)
=n * (1 - rho)

# dopmyma (5
numerator =
denominator

pi_n = numerator / denominator
return pi n

Table 1. Average Durations of Continuous Busy Periods

n D S/C D E3 M H,
0.5 S 1,997 2,000 2,003 2,008
’ C 2,000 2,000 2,000 2,000
1 0.7 S 3,332 3,333 3,349 3,325
’ C 3,333 3,333 3,333 3,333
0.9 S 9,971 10,000 9,975 9,510
’ C 10,000 10,000 10,000 10,000
0.5 S 0,917 0,974 0,998 1,053
’ C 0,938 0,974 1,000 1,062
) 0.7 S 1,496 1,599 1,673 1,781
’ C 1,521 1,605 1,667 1,812
0.9 S 4,421 4,732 4,972 5,110
’ C 4,438 4,762 5,000 5,562
0.5 S 0,593 0,643 0,667 0,723
’ C 0,611 0,633 0,667 0,722
3 0.7 S 0,959 1,056 1,114 1,243
’ C 0,981 1,044 1,111 1,241
0.9 S 2,809 3,113 3,312 3,609
’ C 2,833 3,122 3,333 3,813
0.5 S 0,441 0,480 0,502 0,553
’ C 0,453 0,473 0,500 0,547
4 0.7 S 0,708 0,774 0,836 0,950
’ C 0,724 0,787 0,833 0,943
0.9 S 2,048 2,321 2,517 2,747
’ C 2,078 2,275 2,500 2,922
0.5 S 0,351 0,383 0,401 0,443
’ C 0,360 0,377 0,400 0,440
5 0.7 S 0,560 0,614 0,667 0,773
’ C 0,573 0,627 0,667 0,760
0.9 S 1,619 1,810 1,990 2,262
’ C 1,640 1,848 2,000 2,360

The column headers D, E3, M, H, in Table 1 denote types of service time distribution. Also, this
table presents the results of calculating the average duration of the continuous busy period of the system
with homogeneous requests using the simulation model (S) and by calculation (C). The H, distribution
replaced the gamma distribution with a coefficient of variation of 2. In all cases, it was assumed that
b; = 1.

Again, let us divide the input flow equally among the service channels. For a single-server system,
the expected number of interruptions is I?] = Aj_1bjq, where A;_; = Z{:_ll A; is the intensity of the flow of
requests with the right to interrupt the j-th one. In the n-server case, a request arriving during the service
of the j-th one may not interrupt it at all (if at least one channel is free or occupied by serving a lower-
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priority request). On the other hand, a tagged request can be interrupted by those that "initially" fell on other
channels. It is clear that the first effect will prevail for requests of relatively high priority, and the second
for low priority. Approximately, it can be assumed that the interruption of the j-th request occurs under the
following conditions:

AN
— itis present in at least one of the channels (probability equals 1 — ( - ;—’) );
k

— there are no requests of lower priority in any of the other channels (probability (Rj /R k)n_l).

In these formulas, {R;} denotes the cumulative load factor of the system by requests up to the j-th
type inclusive. The value k is the index of the last (lowest) priority of requests. Arriving interrupting
requests fall on average on p; = A;b; ; of those being interrupted. Thus, the average number of interruptions
of the j-th request can be estimated by the formula:

-1

oTRIRH [ IR i .

(4bj1) 4

The implementation of this formula, which also accounts for the special case for n = 1, is shown
below:

import math

def calculate interruptions(j: int, n: int, lambdas: list[float], b times: list[float])
-> float:

PoBpaxoBye CepenH Ki1JbKiCcTb NnepepmBaHb 3aSgBKM J—T0 TUILY

B N-KaHaJIbHiM cucrTeMi.

BukopucToBy€Ee OKpeMmy dopmysty myisa n=1 Ta dopmysry (8) mma n > 1.

ApryMeHTN :
j (int): Iupmexc npiopurery (l-iHmexcoeauuy, Tobto 1, 2, 3...).
n (int): KimbkicTb kaHAJiB.
lambdas (list[float]): Cnmcok *3arajbHMX* 1HTEHCHMBHOCTENM MNOTOK1iB [Al, A2, ., Ak].
b times (list[float]): Coucok cepenmHix uaciB oBcnyroeyeaHHa [bl, b2, ..., bk].
[IoBepTac:
float: Cepenna xinepkicTe nepepmBane (k™ J).
if 3 <1 or jJ > len(lambdas):
raise ValueError (f"Iumexc 'j' ({j}) BuxomuTer 23a Mexl z»nianazoHy mnpiopuTeTis
(1..{len(lambdas)})")
if n < 1:
raise ValueError ("KinbkicTe kaHajiB (n) mae ByTtm >= 1")
if len(lambdas) != len(b times):

raise ValueError ("Comcku IiHTeHcuBHOCTeM (lambdas) Ta wacie (b _times) nosBuHHI
MaTU OHOHAKOBY INOBXMHY'")

num priorities = len(lambdas)
# N (3-1) = 2(A 1) for 1 =1 to j-1
# BaxmBo: j l-inmexcoBaHuit, 3pism Python O-inmexcomanHi
Lambda j minus_ 1 = sum(lambdas[:j-1])
if n == 1:
# CneuiamnbhHa dopMmyria mJjis OOHOKAHAJILHOIL CHUCTEeMU
return Lambda j minus 1 * b times[]j-1]

# —--- PospaxyhHok 3a dopwmysion (8) miug n > 1 ---

# PospaxyHOok koed@illl€HTIB 3aBaHTaXeHHd IJi9 KOXHOTO TUITY
rhos = [1 * b for 1, b in zip(lambdas, b times)]

# A3
lambda j = lambdas[j-1]
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# 0 (y dopmyni) = p j (y Texcri) = A J * b ]
rho j = rhos[j-1]

# RJ=235(p 1) fori =1 to j

R j = sum(rhos[:]])

# Rk =23(p 1) for 1 =1 to k (total load)

R k = sum(rhos)

if lambda j == 0:
print (f"llonepemxeHHa: IHTeHcuBHicTer lambda {j} = 0. Iloeepran 0 nepepmBaHb.")
return 0.0

if R k == 0:
print ("lonepemxeHHA: 3arajibHe HaBaHTaxeHHa R k = 0. Iloeepran 0 nepepmBaHb.")

return 0.0

# dopmysa (8)
terml = Lambda j minus 1 / lambda j

# [1 - (p_J / R k)"n]
term2 base = max(0, rho j / R k)
term2 = 1.0 - math.pow(term2 base, n)

# (R J / R k)" (n-1)
term3 base = max(0, R j / R k)
term3 = math.pow(term3 base, n - 1)

k j bar = terml * term2 * term3

return k j bar

In Table 2, the results of such a calculation (C) are compared with those obtained from the
simulation model (S). The -calculation values (C) were obtained using the aforementioned
calculate interruptions function. A system with three types of requests was considered, with average
service durations by ; = 0,45, b, 1 = 0,90, b3; = 1,35 and flow intensities per channel 4;; = 0,2, A, =
0,3, 13 = 0,4 (the load factor of 0,9 was maintained by multiplying these intensities by the number of
channels n). Since it turned out that the types of service duration distributions have practically no effect on
the interruption multiplicity, the volume of the table has been reduced accordingly.

Table 2. Average Multiplicities of Interruptions

n Type 2 (S) Type 2 (O) Type 3 (S) Type 3 (O)
1 0,180 0,180 0,674 0,675
2 0,116 0,243 0,827 0,800
3 0,071 0,104 0,882 0,980
4 0,043 0,042 0,892 1,088
5 0,026 0,017 0,897 1,153

The table illustrates the qualitative correspondence of the results. For type 2 requests (higher
priority), calculation formula (8) gives noticeable deviations from the simulation data atn = 2 and n = 3,
however, the interruption multiplicities themselves are very small in these cases. For low-priority type 3
requests, where interruptions result in a more noticeable delay, the formula gives values close to simulation
for n < 2, but the discrepancy increases with the number of channels. Nevertheless, the resulting error
may be insignificant for the overall estimation of the residence time.

The proposed approaches were programmed using the Python language. The results of simulation
modeling of multiserver systems with 200,000 observations of the highest priority requests were used as
reference.

To verify the models, a single-server problem was solved with the above input data given in the
section on interruption multiplicities. A sufficiently large total load coefficient (R = 0,9) ensured a
significant role of waiting durations and interruptions of low-priority requests. The calculation results are
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summarized in Table 3. The column headers D, E3, M, H,, as in Table 1, denote types of service time
distribution.

Thus, the assumptions regarding the average duration of the CBP and interruption multiplicity
obtained from the analysis of simulation experiments allowed obtaining a simple and sufficiently accurate
technique for the approximate calculation of multiserver priority systems.

Table 3. Average Residence Times in a System with Absolute Priority

n Type S/C D E; M H,
: S 0,472 0,480 0,493 0,559
C 0,472 0,480 0,495 0,561
. ) S 1,233 1311 1,486 2,192
C 1,242 1,323 1,478 2,216
; S 10,038 12,875 18,014 40,557
C 10,104 12,741 18,364 41,745
: S 0,452 0,452 0,454 0,459
C 0,453 0,454 0,455 0,462
5 5 S 1,000 1,020 1,060 1,223
C 1,006 1,023 1,064 1,229
; S 5,718 6,851 9,536 20,065
C 5,640 6,840 9,264 20,108
: S 0,450 0,450 0,450 0,449
C 0,451 0,451 0,452 0,453
; 5 S 0,942 0,948 0,969 1,019
C 0,947 0,954 0,959 1,040
3 S 4,113 4,928 6,456 13,168
C 4,161 4,858 6,398 13314
: S 0,450 0,451 0,451 0,446
C 0,450 0,451 0,452 0,451
A 5 S 0,919 0,923 0,937 0,951
C 0,925 0,929 0,926 0,976
; S 3,350 3,911 5,053 9,597
C 3,424 3,979 5,083 10,036
: S 0,450 0,450 0,450 0,447
C 0,450 0,455 0,450 0,450
5 ) S 0,910 0,911 0,916 0,920
C 0,925 0,918 0,923 0,947
; S 2,956 3,399 4,274 7,920
C 2,985 3,416 4311 8,122

Conclusions and prospects for further research. The paper proposes a combined approach to the
analysis of complex multiserver queuing systems with absolute priorities. Due to significant difficulties in
obtaining exact analytical solutions for such systems, simulation modeling was used to verify and
substantiate approximate calculation techniques.

The following have been developed and verified:

1. An analytical approximation for calculating waiting time based on the Weibull distribution,
which confirmed its accuracy.

2. A formula for calculating the average duration of the continuous busy period (CBP) with a
correction (7) that takes into account the number of channels, load, and coefficient of variation.

3. An approximate formula (8) for estimating the average number of request interruptions.

As shown in Table 3, the comparison of the final results (average residence time) by the simulation
model (S) and by the developed technique (C) demonstrates good consistency. Thus, the assumptions
derived from the analysis of simulation experiments allowed creating a simple engineering tool for the
approximate calculation and design of multiserver priority systems in conditions where exact analysis is
practically impossible.
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