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CONSTRUCTION AND STUDY OF THE SYSTEM OF DIFFERENTIAL EQUATIONS THAT DESCRIBES
THE MUTUAL SYNCHRONIZATION OF COUPLED SELF-OSCILLATING CHEMICAL SYSTEMS

I'y6ann I'.M. IToOynoBa Ta gocTix:KeHHsI cHcTeMH qudepeHiaIbHIX PiBHSHD, IKA ONMUCY€E B3a€MHY CHHXPOHI3alio
3B’SI3aHUX ABTOKOJMBAJbHUX XiMiYHHX cHcTeM. Y CTaTTi MOOYZOBAaHO Ta JOCITI/DKEHO CHCTEMY IU(epeHIiaTbHIX PiBHAHb, SKa
OITICYE B3a€EMHY CHHXPOHI3AIlI0 3B’3aHUX aBTOKOJIMBAJIBHHUX XIMIYHMX CHCTE€M, BH3HAUCHO II0JIOCY CHHXPOHi3amii, B sIKid icHye
CHHXPOHHHH PEXUM Ta BU3HAUYCHO Yac BCTAHOBJICHHS CHHXPOHHOI pi3HHI (as3.

Ku1r04oBi c10Ba: aBTOKONMBaNIbHA CHCTEMA, 1T0JI0CA CHHXPOHI3allii, cHcTeMa I epeHIiabHIX PiBHSHB.

I'yoans I'.H. ITocTpoenue u uccienoBanue cucreMbl Ju(pdepeHIUANBHBIX YPABHEHHI, ONUCHIBAIOIICH B3aHMHYIO
CHHXPOHH3AIMIO CBSI3aHHBIX aBTOKO0Je0aTEJbHBIX XHMHYECKHX CHCTeM. B craThbe MOCTPOEHO M HCCIEIOBAHO CHCTEMY
¢ hepeHITATBEHBIX YpaBHEHHH, ONICHIBAIONIEH B3aHMHYIO0 CHHXPOHHU3AINIO CB3aHHBIX aBTOKOIEOATEbHBIX XUMHUIECKHX CHCTEM,
OIIPE/IENIEHO TI0JIOCY CHHXPOHM3AIMHU, B KOTOPOH CYIIECTBYET CHHXPOHHBIH PEXUM M ONpPEIeTICHO BpeMs YCTAaHOBKH CHHXPOHHOMN
paszHocTH a3.

KutroueBrble ciioBa: aBTOKONe0aTeNbHAS CHCTEMA, 1TOJI0CA CHHXPOHM3AIMH, CHCTeMa H(depeHnnaabHBIX YpaBHEHHH .

Hubal H.M. Construction and study of the system of differential equations that describes the mutual synchronization
of coupled self-oscillating chemical systems. The article constructs and investigates the system of differential equations that describes
the mutual synchronization of coupled self-oscillating chemical systems, defines the synchronization bar in which a synchronous mode
exists and determines the time of establishment of the synchronous phase difference.

Keywords: self-oscillating system, synchronization bar, system of differential equations.

Formulation of the scientific problem. Often there are chemical reactions that occur in an oscillating
mode. Mathematical research is needed to describe these reactions. The need to study the mutual
synchronization of coupled self-oscillating chemical systems is especially important when applied to
biochemical processes in living organisms [1], [2].

Research analysis. We have two diffusely connected self-oscillating systems with oscillating
chemical reactions of substances P and Q, that are close to harmonic ones. Suppose that, in the absence of a
connection between systems | and I, the reactions in them go with the same amplitudes and slightly different

frequencies @, and ®),. Consider the self-oscillating reactions in these chemical systems in the connection

between them through diffusion. Diffusion passes from volume V, to volume V|, and vice versa. We believe

that the reactions go with complete stirring.
Presentation of the main material and the justification of the obtained research results.

Denote by P, and Q, the concentrations of substances P and Q in volume V,, B, and Q,, the
concentrations of substances P and Q in volume V|, . The flow of a substance Q from one system to another

depends on the difference in concentrations Q; and Qy; .

Let the substance P not diffuse from system to system.
Then we describe the self-oscillating chemical reactions in two coupled systems by the following system
of differential equations [3]-[7]:

dp, _

a
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S ity oy o) - 0 py — Ay —an),
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oy,
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where Py, Py, 9, q; are small deviations from stationary (equilibrium) concentrations E’|,E’||,6|,6“
respectively, that is
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PI(t)=Pi+p (1),
Q1) =Q+a ),
similarly it is for B, (t) and Q; (t).

Note that
da, (t) _ dQ, () ’
dt dt
since
Q) _ d ®

@, + () = dqd'—

dt  dt t

d _
because % =0, and Q, does not change over time.

similarly it is for JPL() dPu(®) Aoy (©)
dt dt dt
Let I3| =I3||,(_)I =(_2”, then the diffusion from system | to system Il takes place only due to the
differences in concentrations created by self-oscillations P and Q near their stationary levels.
Terms with a multiplier A take into account the diffusion relation, where A is the diffusion relation

coefficient, i.e., A(0; —Q,;) indicates that the rate % of synthesis of the substance Q into V, decreases due

to the outflow of the substance Q from the first system (decrease in its concentration —@,) into the second

one and the inflow of the same substance Q from the second system (increase in its concentration +@,) into
the first one.

Since the systems differ only in frequency, then f; = f},.

The solution of the system of differential equations (1) is sought in the form:

P (t) = a (t) cos(at + ¢y),

q; (t) = —way (t) sin(wt +¢y), @
Py (t) =ay (t) cos(at + ¢yy),

qy (t) = —way, () sin(wt + ¢)).

Substituting the solution (2) into the system of differential equations (1), we find:

da,
- = a !a ] ] lt)
at v, an, @, o, t)

d
%:'//u(ah a, o1 ens b), €©)

do,
— =6 (a, ay, o, o, 1),
dt (@, ay, ¢, 00 1)
doy
—= =6, (a, aj, @, o, t).
dt n@ay, o, 0, 1)

The formulas of the functions vy, ¥, 6, ), are quite cumbersome. To simplify them, we can take
into account that since the frequencies @; and @, have similar values, then they can be written as

2
@ =, =@y . Since the amplitudes a,(t) and &, (t) for the period T :f vary very little, then in

w1, Wi 6), 6, under the integral signs, these amplitudes can be considered constant values and can be taken
outside the integral signs.
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Taking into account that the synchronicity conditions can approximately be obtained from the
differential equations for the phases of the system (3), the differential equations for phases after all
simplifications take the form:

= _Z . Asin(g, - ) - —+, 4
pm 2 (o1 —on) 2w (4)
A — 2. sin(p, — ) ———L. 5
it 2 a (o1 —on) 2w (5)

In a combined diffusely coupled self-oscillating system, the oscillating process goes with one frequency
@ . This synchronization condition is fulfilled automatically if the difference of phases ¢, — ¢, that change

slowly over time tends to a constant value.
Let us prove when it is possible.
We subtract the differential equation (5) from the differential equation (4):

dlg—en) _ A fay & | of —of
— " =——| —+—[sIn(¢p — +——. 6
i 213 g (2 —on) 7 (6)
Since w= @ = @), then w; — wy; = § K w. Therefore,
o — o (o — oy )y +ay)
| n_ @ TPASE| I ~a —o = 0.
20 20
Taking into account that a; = a;;, we can write
ﬂ+ A _ 2.
a  ay
Then the differential equation (6) takes the form:
d(e, — .
M=5—13m((ﬂ| —on). (7)
dt
We find a stationary solution of this differential equation. We write
d(o —ou) —o.
dt
Then
6 —Asin(g, —¢y) =0,
whence

.- = o
sin(p, — =—.
(o, —on) 1

Since ‘sin(gyl —(7)”)‘ <1, then || <1 or, taking into account that A >0, |5|< A, or | —ay | £ 4.

Therefore, the synchronous mode exists only in the synchronization bar that corresponds to the formula
| @ — | <A

Let's estimate time of establishment of the synchronous mode at ‘(Z,—(;,,‘D % Then

sin(¢; — @) = @ — @, and the differential equation (7) takes the form:

d _
%:5—1(@—%)- (8)

© I'ybans .M.



Hayxosuii orcypran "KoM’ IoTepHO-IHTErpOBaHi TEXHOJIOTI1: OCBiTa, HayKa, BAPOOHHUIITBO" 33
Jhyyek, 2020. Bunyck Ne 41

Let us solve this non-homogeneous differential equation. First, we find the general solution of the
corresponding homogeneous differential equation:

d(¢|—¢’|l)=

pm o1 —on)-

Its general solution has the form
—A
o -y =Ce .
We write the general solution of the non-homogeneous differential equation (8) in the form
o — oy =C(t)e ™. )

Find the function C(t), substituting the general solution (9) into the non-homogeneous differential
equation (8):

_ dC(t) _
ce -2+ e = 5- 20 - g0)
or
—AC()e M+ %e‘” =5-AC(H)e ™,
or
W) _ son
dt
whence
C(t) = j sedt,
or
o At
C@)= -C,.
(h="e"-C,
Then
bo) _
P — o =(zeﬂt—clje A
or
fo) _
O = =Z—C19 A, (10)
Substituting initial data: for t=0, ¢y —@) =@, — @ ¢ into the equation (10), we find C; :
o
Dro~Pno :z—cl'l’
whence

bo)
C, =S —(pr0—0110).
1= (®10=2n0)

Substituting C; into the equation (10), we find the difference of phases:

o (o

oo :z—(z—(% 4l 0)je‘ﬁ
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or
o) _ o
(0|—§0||:(§0|0—§0u0——je M+z, (11)

where @5 — @0 is the difference of the initial phases.
From the formula (11) as t — oo, we obtain

- = 0
- 2P —Q =—-
Or=Pnu =P =P 2
From the formula (11), we take into account that the time for which the exponential function decreases
by e times is denoted by the time 7 of establishment of the synchronous phase difference:

Ar=1 or T:E.
A

If one of these chemical systems has an amplitude greater (more powerful) than the other, then as a
result of diffusion it will synchronize the other imposing its frequency on it. Then this more powerful chemical
system can be considered as a generator, an "external force" that synchronizes.

The basic laws of synchronization in relaxation systems, in which the form of oscillations is far from
sinusoidal, remain the same as in almost sinusoidal ones. Unlike sinusoidal systems, relaxation systems (which
are also common in chemistry and biology) have significantly less time 7 to establish synchronism.
Synchronization can also take place in multiple tones. For example, a generator with frequency @, may be

synchronized with a generator with frequency 2w, where @, = @,,;. A powerful synchronizing system that

sets the rhythm for all other systems is a biological clock.

One example in a living system is the synchronization of heart muscle fiber contractions.

Conclusions and prospects for further research. A system of differential equations is constructed and
investigated, which describes the mutual synchronization of coupled self-oscillating chemical systems.

The synchronization bar in which the synchronous mode exists is defined.

The time of establishment of the synchronous phase difference is determined.

Further research can be done for cases of occurrence of self-oscillating chemical reactions of random
changes in the concentrations of reactants in the space.
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